Abstract. A function h defined on a region R in R" will be said to possess a restricted mean value property if the value of the function at each point is equal to the mean value of the function over one open ball in R, with centre at that point. It is proved here that this restricted mean value property implies h is harmonic under certain conditions.
1. Introduction. Let R be a region in Rn. For each x e R, let S(x) be si ball in R with centre x. Suppose A is a function defined on R such that (1.1) h
(x) = [p(S(x))]-í \ h(y)p(dy)
for each x in R, p being the ordinary Lebesgue measure on R\ In this case A will be said to possess the restricted mean value property with respect to the balls S(x). The purpose of this paper is to show that, under certain conditions, (1.1) implies that A is harmonic. It was proved in the paper of Akcoglu and Sharpe [1] that if A is bounded, if R is the unit disc in R2, and if for each xe R, S(x) is the largest disc in R with centre x, then (1.1) implies A is harmonic. The results in this paper give the following theorem.
Theorem (1.2) . Suppose (si) h is bounded and measurable; (b) R, the closure of R in R", is a compact C1 manifold with boundary; (c) the radius of S(x) is a measurable function of x and is greater than some fixed fraction of the distance from x to Rc, for all x in R.
Then (1.1) implies A is harmonic on R.
2. Restatement of the problem. Let F(x, y) be a measurable function defined on RxR. Suppose (2.1) F(x, y) is bounded in x for each fixed y, sind (2.2) j \F(x,y)\ p(dy)^l for each x.
Define a linear operator F on -^(F, p) by the equation (2.3) Tf(y)=\f(x)F(x, y) p(dx) for each y e R and fe &¿R, p).
It is easy to show that Fis well defined and ||F|[ g 1. Clearly (2.4) F*«(x) =f h(y)F(x, y) p(dy) for each xe Rand he &n(R, p).
In particular, suppose (2.5) F(x,y) = [p(S(x))]-1XsM(yy where (1.2(c)) holds. Then (2.1) and (2.2) are satisfied. (2.4) becomes (2.6) F*«(x) = [p(S(x))] -» JSU) h(y) p(dy).
Thus (1.1) is equivalent to (2.7) T*h=h.
To prove Theorem (1.2) is therefore the same as showing that any function left unaltered by F* is harmonic. A proof can be given for a more general F(x, y) than that defined by (2.5). We will now list the properties which will be required of F(x, y) in addition to (2.1) and (2.2). We require (2.8) T*h = h for all h which are harmonic on R.
We require that 3a > 0, cx > 0 such that, Vx e R,
Here Sr(p) denotes the ball of radius r and centre p, and d(x, Rc) denotes the distance from x to Rc. In future we will write p(Sc(p)) as m(c), for brevity.
Let Br = {x | x 6 R, d(x, Rc)<r} for each r>0. The next property that F(x, y) must have is best expressed in terms of F. It might be called the "boundary-strip"
property. Intuitively, it means that if one chooses a sufficiently broad strip between a function / and the boundary of R, then the operator F cannot make the function jump over the strip. In precise terms:
For every £>0, a number A>0 can be found such that, for any number d>0
and any f^O in ^(R, p), (2.10) \\xB*-B*'>TxR-B'1f\\i'à(l-£)\\XB<iTxR-B<1fWi-lt is easy to see that if (2.5) holds, then (2.10) is true. Using radial coordinates, one finds it is sufficient to have (1 -X)n(2X)'n^ l-e.
Theorem (2.11). //(1.2(b)), (2.1), (2.2), (2.8), (2.9), and (2.10) are true, then any function left unaltered by T* is harmonic.
The proof of Theorem (2.11) is completed in §5, where the main lemma, Lemma (5.4), is given. Some simpler lemmas make up the other sections. To conclude this section, some properties of Fare proved, which depend only upon (2.1), (2.2), and (2.8).
We know that ||F|| ¿ 1 and T*h = h for every bounded harmonic function. Then, in particular, (2.12) ¡fdp=¡Tfdp for every/in &¿R, p). Intuitively, YEfis the end result of pushing more and more of the mass of/ onto F, to the greatest degree possible, and then disregarding that part off which will not leave Fc.
Lemma (2.18). Let E and F be measurable subsets of R, with E<=F. Then YE =r*ry Proof. Choose A as given by (2.10). By induction,
for all A:2:1. Letting k -*■ co, the result follows.
3. Dissipation and cancellation properties.
Lemma (3.1). Let E be a measurable subset of R with d(E, Rc) = d>0. Then, for each j"2:0 in ¿C,(R, p) such that /=0 outside E, \f(y)\y\2 P(dy) + (^cld)2ß)\\f\\, Í j* Tf(y)\y\2 p(dy).
Proof.
Here T£ means F* acting on functions of y, etc. Of these three terms, the first iŝ
using (2.9). Since f(x)2x-y is harmonic in y, Ty*(f(x)2x-y)(z)=f(x)2x-z, for all z. Thus the second of the three terms isj /(x)2|x|2 p(dx). Since ||Fg||i = |]g||i for any g^O in ^x(R, p.), the third of the three terms is \ f(x)\x\2 p(dx). Substituting, the lemma is proved.
Corollary (3.2). j" Tf(y)\y\2 p(dy)^\ f(y)\y\2 p(dy),for every/StO in ^(R, p).
Corollary (3.3). J Tf(y)\y\2 p(dy) 2: j f(y)\y\2 p(dy) + (a(c, </)2/8)||x*/Ii, for every f^f> in ^(R, p).
for every /SO in -^(F, p) and every ASI.
Since | v2| is bounded for y e R, Corollary (3.4) shows that F is dissipative. In particular, (3.5) lim^«, \\XETkf ¡x = 0 for ewery fin ^x(R, p).
Lemma (3.6). Let E^R be a measurable set such that d(Ec, Rc)>0. Then YE = limk^ca Tl (strongly).
Proof. Follows at once from (3.5).
Corollary (3.7). Iff^O,fe£Cx(R,p),then \\YEf\\x = \\f\\x. 
Let/âO be in &,(Sc(p), p). Let A 2:0 be in ^x(Sc(p), p). f h(y)U« + 2f(y)p(dy) = I U"^*h(y)Uf(y)^dy)
= ßWfh Í h(y)p(dy).
. 'Sc(p) It follows from (3.18) that (3.19) U**VZßlfU on Sc(p). Lemma (3.24). Let X > 0 be fixed. Then a number y > 0 ex/í/í íwcA that for any ball Sc(p)^R with d(Sc(p), Fc)SAc, and for any functions f and g in -S?i(F, it) iv/'/A f=0=goutside Sc(p), and\ f dp= \ g dp; ifr^Xc then \\YBr(f-g)\\xS(l-y)\\f-g\\x.
Proof. We may assume d(Sc(p), Rc) = Xc, and also/SO, gSO, and/*=0.
||IVC/-¿í)Ii = lim H^F^fJ-g)!!,.
)C->tO Let y>0 sind k0 be as in Lemma (3.9) . Then
where each function in square brackets is nonnegative for rfiXc. Hence
FAf-g)l â ll/llr-rll/llx+klli-ykll! = |/-*|i-y|/-*Ii. Lemma (3.24) is the desired cancellation property of F.
4. Consequences of the smoothness of the boundary. It is assumed from now on that F is a compact C1 manifold with boundary. More concretely, (4.1) For each x in <5F, the boundary of F, there exists an open set U containing x, sind si Cl function /defined on U, such that |V/|2>0 on U, sind RnU ={y\yeU,f(y)>0}. Lemma (4.2) . For any e > 0, a number S > 0 can be found such that, if0<d<8 and x e 8R, then a coordinate system (ylf..., yn) can be chosen, with x as origin, such that | v -x\ < d, yn > ed imply y e R, and \y -x\<d,yn<-ed imply y e Rc.
Lemma (4.2) is a direct consequence of assumption (4.1).
Lemma (4.3). Let c2>0 and X>0 be fixed. Then numbers 8>0 and c>0 can be found such that, if0<d<8 and xedR, and E={y | ye Bd-BM, \y -x\ <c2d}, then a ball S of radius cd can be found with E^S^R and d(S, Fc)S(l/2)AcA Lemma (4.3) follows from Lemma (4.2) and the compactness of R.
Lemma (4.4). Let e > 0 be given. Then a number c2>0 can be found such that, if 6 is a function harmonic on R, continuous on R, OS #¿ 1 on R, and if for some x in B, 000 = 0 whenever y is in dR and \y-x\ <c2 d(x, Rc), then 6(x)<e.
Proof. Let U={z\z\ + ■ ■ ■ + z2_j < 1, 0<zn< 1}. Let ^ be a function harmonic on U, continuous and nonnegative on U, such that (4.5) c/> = 1 on 8U n {z | zn > 0} and (4.6) ¿(0)=0.
Then a number ct>0 exists such that </>(z)<e for \z\ <<j. Let (4.7) c2=4/a+3. Choose S>0 such that, for any d<S, and any xeR with d(x, Rc) = d, a coordinate system (y,,..., yn) can be chosen with x = (0,..., 0, xn), \xn\ <2d, and so that, for any y with \y\ < 5d/o, (4.8) yn > d implies y is in R and yn < d/2 implies y is in Rc. Suppose 6 is a function harmonic on R, continuous on R, and 0^ 6^ 1 on R; and, for some x in R, 6(y) = 0 for all points y in 3Fc with \y -x\ < c2d, d< 8, where d=d(x, Rc). It will be shown that 0(x)<£.
Using the coordinate system y = (yu ■ ■., yn) just described, let U' = {y\y = (2d/o)z,zeU}. Therefore f = 1 on 8U' n R. Also 0=0 on £/' n OF. Hence c/,'^6 on 8(U' n Ä). Therefore f 2: 6 on C/' n F.
f(x) = ¿((0,...,0,axn/2í/)) and oxn/2d<o. Therefore ^>'(x)<£ and, accordingly, 6(x)<e. It was seen that the numbers c2 and S chosen are such that c2 satisfies the requirements of the lemma, provided that we restrict our attention to x in R with d(x, Rc) < 8. By choosing a new c2, larger than the old, such that c2S is greater than the diameter of R, the proof is finished. Proof. The proof follows by induction on A, or by consideration of the partition generated by the sets Alt ■ ■ -, Ak.
Actually the same result holds for any finite measure space, but only the special case is needed here.
Lemma (5.4) . A number y0>0 exists such that, iff and g are in ^(F, p) and fand g are equivalent, then lim \\YBr(f-g)\\x é \\f-g\\x(l-Vo).
r->0
(5.5) By Lemma (4.4), a number c2 > 1 can be chosen such that, if 6 is a function harmonic on F, continuous on R, Oá 9 S 1 on F, and if for some x in F, 6(y) = 0 whenever y is in BR and |y -x\ < c2 d(x, Rc), then 9(x) < 1/20.
(5.6) By Lemma (2.24) a number A>0 can be chosen such that, for any number d>0 sind any/SO in ^(F, p), \\xB*-B>*YB*XB_Bäf\\x S (39/40)(IrB<%i_Wlli = (39/40)11x1,-Will-(5.7) By Lemma (4.3), numbers S>0 and c>0 can be chosen such that, if 0<d<8, and y e 8R, sind E={z \ z e Bd-BAd, \z-y\<2c2d), then a ball S of radius cd can be found such that E<=S<=R and d(S, Fc)S(l/2)Ac/.
(5.8) By Lemma (3.24) (with A replaced by A/2c, a number y>0 can be chosen such that, for any ball S<=R of radius cd with d(S, Rc)t(l/2)Xd, and for all functions/and g in ^x(R, A4) with/=0=g outside S and j fdp=j g dp; if r^(l/2)Xd, then||rB,(/-^)||1¿(l-y)||/-g||1.
(5.9) Lety0 = (l/20)y. Now let/and g be equivalent functions in ^(F, it). To prove the lemma, it clearly can be assumed that/SO, g SO, and/g = 0. Choose d>0, d<8 such that (5.10) ¡IxWlli ¿ (1/39)1/11!, and ||Xfl-^||i S dß9)\\gl-It will be shown that for r^(l/2)Xd, \\YB'(f-g)\\xS\\f-g\\x(l-y0), which will prove the lemma.
By ( 
